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LOCATING-DOMINATING SETS OF FUNCTIGRAPHS
MUHAMMAD MURTAZA, MUHAMMAD FAZIL, IMRAN JAVAID∗, HIRA BENISH
Abstract. A locating-dominating set of a graph G is a dominating set of G
such that every vertex of G outside the dominating set is uniquely identified by
its neighborhood within the dominating set. The location-domination number of
G is the minimum cardinality of a locating-dominating set in G. Let G1 and
G2 be the disjoint copies of a graph G and f : V (G1) → V (G2) be a function.
A functigraph F fG consists of the vertex set V (G1) ∪ V (G2) and the edge set
E(G1) ∪ E(G2) ∪ {uv : v = f(u)}. In this paper, we study the variation of the
location-domination number in passing from G to F fG and find its sharp lower and
upper bounds. We also study the location-domination number of functigraphs of
the complete graphs for all possible definitions of the function f . We also obtain
the location-domination number of functigraph of a family of spanning subgraph
of the complete graphs.
1. Introduction
Locating-dominating sets were introduced by Slater [23, 25]. The initial appli-
cation of locating-dominating sets was fault-diagnosis in the maintenance of mul-
tiprocessor systems [19]. The purpose of fault detection is to test the system and
locate the faulty processors. Locating-dominating sets have since been extended and
applied. The decision problem for locating-dominating sets for directed graphs has
been shown to be an NP-complete problem [5]. A considerable literature has been
developed in this field (see [2, 6, 9, 15, 17, 22, 23, 24]). In [4], it was pointed out
that each locating-dominating set is both locating and dominating set. However, a
set that is both locating and dominating is not necessarily a locating-dominating
set.
We use G to denote a connected graph with the vertex set V (G) and the edge set
E(G). The degree of a vertex v in G, denoted by deg(v), is the number of edges to
which v belongs. The open neighborhood of a vertex u of G is N(u) = {v ∈ V (G) :
uv ∈ E(G)} and the closed neighborhood of u is N [u] = N(u) ∪ {u}. Two vertices
u, v are adjacent twins if N [u] = N [v] and non-adjacent twins if N(u) = N(v). If
u, v are adjacent or non-adjacent twins, then u, v are twins. A set of vertices is called
a twin-set if every two distinct vertices of the set are twins.
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Formally, we define a locating-dominating set as: A subset LD of the vertices of
a graph G is called a locating-dominating set of G if for every two distinct vertices
u, v ∈ V (G)\LD, we have ∅ 6= N(u)∩LD 6= N(v)∩LD 6= ∅. The location-domination
number, denoted by λ(G), is the minimum cardinality of a locating-dominating set
of G.
The functigraph has its foundations back in the idea of permutation graph [7]
and mapping graph [10]. A permutation graph of a graph G with n vertices consists
of two disjoint identical copies of G along with n additional edges between the two
copies according to a given permutation on n points. In a mapping graph, the
additional n edges between the two copies are defined according to a given function
between the vertices of the two copies. The mapping graph was rediscovered and
studied by Chen et al. [8], where it was called the functigraph. Thus, a functigraph
is the generalized form of permutation graph in which the function f need not
necessarily a permutation. In the recent past, a number of graph variants were
studied for functigraphs. Eroh et al. [12] studied that how metric dimension behaves
in passing from a graph to its functigraph and investigated the metric dimension
of functigraphs on complete graphs and on cycles. Eroh et al. [11] investigated
the domination number of functigraph of cycles in great detail, the functions which
achieve the upper and lower bounds. Qi et al. [16, 21] investigated the bounds of
chromatic number of functigraph. Kang et al. [18] investigated the zero forcing
number of functigraphs on complete graphs, on cycles, and on paths. Fazil et al.
[13, 14] have studied fixing number and distinguishing number of functigraphs. The
aim of this paper is to study the variation of location-domination number in passing
from a graph to its functigraph and to find its sharp lower and upper bounds.
Formally, a functigraph is defined as: Let G1 and G2 be the disjoint copies of a
connected graph G and let f : V (G1) → V (G2) be a function. A functigraph F
f
G
of the graph G consists of the vertex set V (G1) ∪ V (G2) and the edge set E(G1) ∪
E(G2) ∪ {uv : v = f(u)}. Unless otherwise specified, all the graphs G considered
in this paper are simple, non-trivial and connected. Throughout the paper, we will
denote V (G1) = A1, V (G2) = A2, f(V (G1)) = I, |I| = k, a locating-dominating set
of F fG with the minimum cardinality by L
∗
D, the elements of A1 and A2 are denoted
by u and v, respectively and each section of this paper has different labeling for the
elements of A1 and A2.
This paper is organized as follows. Section 2 gives the sharp lower and upper
bounds for the location-domination number of functigraphs. This section also es-
tablishes the connection between the location-domination number of graphs and
their corresponding functigraphs in the form of realizable result. Section 3 provides
the location-domination number of functigraphs of the complete graphs for all possi-
ble definitions of the function f . In Section 4, we investigate the location-domination
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Figure 1. The functigraph of K1,n−1 when f is constant and I =
{vn}. Black vertices form a locating-dominating set with the minimum
cardinality.
number of the functigraph of a family of spanning subgraphs of the complete graphs
for all possible definitions of constant function f .
2. Some basic results and bounds
By the definitions of twin vertices and twin-set, we have the following straight-
forward result:
Proposition 2.1. [20] Let T be a twin-set of cardinality m ≥ 2 in a connected graph
G. Then, every locating-dominating set LD of G contains at least m− 1 vertices of
T .
Theorem 2.2. [23] Let G be a graph of order n ≥ 2, then λ(G) = n − 1 if and
only if G = Kn or G = K1,n−1, where Kn and K1,n−1 are the complete graph and
complete bipartite graph of order n.
Lemma 2.3. Let G be a graph of order n ≥ 2 and F fG be its corresponding functi-
graph. If λ is the location-domination number of F
f
G, then 2n+ 1 ≤ 2
λ + λ.
Proof. Let L ⊂ V (F fG) be a non-empty set and |L| = λ. Let v ∈ V (F
f
G) \ L, then
N(v)∩L is a subset of L. If L is a locating-dominating set of F fG, then N(v)∩L for
all v ∈ V (F fG) \ L must be non-empty distinct subsets of L, which is possible only
when the number of non-empty subsets of L are greater than or equal to the number
of vertices in V (F fG) \ L. Since the number of non-empty subsets of L is 2
λ − 1 and
the number of vertices in V (F fG) \ L is 2n− λ. Therefore the result follows. 
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Theorem 2.4. Let G be a graph of order n ≥ 3, then 3 ≤ λ(F fG) ≤ 2n − 2. Both
bounds are sharp.
Proof. Since n ≥ 3, therefore by Lemma 2.3, 7 ≤ 2λ + λ which yields 3 ≤ λ. For
the sharpness of the lower bound, let G = P3 be the path graph of order 3 and f be
identity function, then λ(F fG) = 3. For the upper bound, we consider the most worse
cases in which λ(G) = n − 1 and f is a constant function. If λ(G) = n − 1, then
by Theorem 2.2, G is either Kn or K1,n−1. It is proved in Lemma 3.1 that λ(F
f
G) =
2n− 3, whenever G = Kn and f is a constant function. Therefore, we consider G =
K1,n−1 and f is constant. Let V (G1) = A1 = {u1, ..., un−1}∪{un} where each of the
vertices u1, ..., un−1 is adjacent to un. Similarly, label the corresponding vertices of
A2 = {v1, ..., vn−1}∪{vn}. We define a constant function f : A1 → A2 by f(ui) = vn
for all 1 ≤ i ≤ n. The corresponding functigraph F fG is shown in the Figure 1. Our
claim is λ(F fG) = 2n−2. Since {u1, ..., un−1}∪{v1, ..., vn−1} is a locating-dominating
set of F fG, therefore λ(F
f
G) ≤ 2n − 2. Let LD be a locating-dominating set of F
f
G.
Since F fG contains disjoint twin sets {u1, ..., un−1} and {v1, ..., vn−1}, therefore by
Proposition 2.1, LD must contains at least n − 2 vertices from each of these twin
sets and hence λ(F fG) ≥ 2n − 4. Without loss of generality, assume LD contains
{u1, ..., un−2} and {v1, ..., vn−2} from each of these twin sets. We claim that LD
contains at least two vertices from the set B = {un−1, un, vn−1, vn}. If |LD ∩B| = 0,
then N(un−1) ∩ LD = N(vn−1) ∩ LD = ∅, a contradiction. If |LD ∩ B| = 1, then
there are the following possible cases. If LD ∩ B = {un−1} or LD ∩ B = {un},
then N(vn−1) ∩ LD = ∅, a contradiction. If LD ∩ T = {vn}, then N(un−1) ∩ LD =
N(vn−1) ∩ LD, a contradiction. If LD ∩ B = {vn−1}, then N(un−1) ∩ LD = ∅,
a contradiction. Thus, |LD ∩ B| ≥ 2 and consequently |LD| ≥ 2n − 2. Hence,
λ(F fG) = 2n− 2 and the result follows. 
Lemma 2.5. For any integer t ≥ 2, there exist a connected graph G such that
λ(F fG)− λ(G) = t.
Proof. We construct the graph G by taking the path graph P3 and label its vertices
as u1, u2 and u3. Attach t − 1 pendants with u1 and label them as u1,i where
1 ≤ i ≤ t− 1. This completes the construction of the graph G. Take another copy
of G and label the corresponding vertices with v1, v2, v3 and v1,i where 1 ≤ i ≤ t−1.
Define a constant function f : A1 → A2 which maps every vertex of A1 to v1 ∈ A2.
First we prove that λ(G) = t. Consider the set {u1, u3, u1,1, ..., u1,t−2}, then the
reader can easily verify that this is a locating-dominating set of cardinality t and
hence λ(G) ≤ t. Let LD be a locating-dominating set of G. Since G contains
{u1,1, ..., u1,t−1} twin vertices, therefore by Proposition 2.1 λ(G) ≥ t − 2. Without
loss of generality, assume LD ∩ {u1,1, ..., u1,t−1} = {u1,1, ..., u1,t−2}. Our claim is LD
contains atleast two elements from B = {u1, u2, u3, u1,t−1}. If |LD ∩ B| = 0, then
N(u1,t−1) ∩ LD = ∅, a contradiction. If |LD ∩ B| = 1, then we discuss four possible
4
cases. If LD∩B = {u1,t−1}, then LD∩N(u2) = ∅, a contradiction. If LD∩B = {u1},
then LD ∩ N(u3) = ∅, a contradiction. If LD ∩ B = {u2} or LD ∩ B = {u3}, then
LD ∩N(u1,t−1) = ∅, a contradition. Thus, |LD ∩B| ≥ 2 and consequently |LD| ≥ t.
Thus, λ(G) = t.
Next we prove that λ(F fG) = 2t. Consider the set {u1, u3, u1,1, ..., u1,t−2, v1, v3,
v1,1, ..., v1,t−2}, then the reader can easily verify that this is a locating-dominating
set of F fG of cardinality 2t and hence λ(F
f
G) ≤ 2t. Since f is a constant func-
tion, therefore the sets {u1,1, ..., u1,t−1} and {v1,1, ..., v1,t−1} are also disjoint twin
sets of F fG each of cardinality t − 1, therefore by Proposition 2.1, λ(F
f
G) ≥ 2t − 4.
Let LD be a locating-dominating set of F
f
G. Without loss of generality, assume
LD ∩ {u1,1, ..., u1,t−1} = {u1,1, ..., u1,t−2} and LD ∩ {v1,1, ..., v1,t−1} = {v1,1, ..., v1,t−2}.
As f is a constant function, therefore by using the similar arguments as in the
case of graph G, the locating-dominating set LD of F
f
G must contains atleast two
elements from each of the sets {u1, u2, u3, u1,t−1} and {v1, v2, v3, v1,t−1} and conse-
quently, |LD| ≥ 2t. Thus, λ(F
f
G) = 2t and the result follows. 
3. The location-domination number of functigraphs of the complete
graphs
We find the location-domination number of functigraph of the complete graphs
for all possible definitions of the function f . In this section, we use the following
terminology for labeling the vertices of functigraph. Let G be a complete graph of
order n and f : A1 → A2 be a function. Let v ∈ I ⊂ A2, then we denote the set
{f−1(v)} ⊂ A1 by Ψv and its cardinality by s = |Ψv| (1 ≤ s ≤ n). If s = 1 for some
v ∈ I, then we name the edge vf−1(v) ∈ E(F fG) as a functi matching of F
f
G. The
discussion has two parts, the first part discuss the cases in which F fG does not have
any functi matching and in the second part F fG have at least one functi matching.
For the first part of discussion, let F fG does not have any functi matching. In this
case, we label the vertice of I as: I = {v1, v2, ..., vk} where the subscript index is
assigned to each v according to the index of corresponding si = |Ψvi | (1 ≤ i ≤ k),
where si are assinged indices according as s1 ≥ s2 ≥ ... ≥ sk. The set A2 \ I is a
twin set of F fG and we denote the set by Φ = A2 \ I. The vertices of Φ are labeled as
Φ = {vk+1, vk+2, ..., vn}. The vertices of A1 are labeled as: Ψv1 = {u1, u2..., us1} and
for each i = 2, ..., k, Ψvi = {ul1 , ul2, ..., ulsi}, where the indices lj (j = 1, 2, ..., si) for
fix i are given by lj =
∑i−1
m=1 sm+ j. The labeling of vertices of a functigraph of the
complete graph K9 for k = 3 is illustrated in the Figure 2(a) where the functigraph
does not have any functi matching. It can be seen that for each i (1 ≤ i ≤ k),
si ≥ 2, Ψvi ⊂ A1 is a twin-set of vertices. Also, ∪
k
i=1Ψvi = A1 and
∑k
i=1 si = n.
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Figure 2. The labeling of the vertices of functigraph of K9 when (a)
F
f
G does not have any functi matching for k = 3 (b) F
f
G has functi
matching for k = 6 and k′ = 2. Black vertices form a locating-
dominating set of F fG with the minimum cardinality.
Lemma 3.1. Let G = Kn be the complete graph of order n ≥ 2, and f : A1 → A2
be a constant function, then
λ(F fG) =
{
2n− 2, if n = 2
2n− 3, if n ≥ 3
Proof. For n = 2, F fG is the complete graph K3 with a pendant attached with any
one of the vertices of K3. Clearly, λ(F
f
G) = 2n − 2. For n ≥ 3, F
f
G with constant
f has I = {v1} and using the labeling as defined earlier Ψv1 = {u1, ..., un} and
Φ = {v2, ..., vn}. Let L
∗
D be a locating-dominating set of F
f
G with the minimum
cardinality. By Proposition 2.1, |L∗D ∩ Ψv1 | ≥ n − 1 and |L
∗
D ∩ Φ| ≥ n − 2. Thus,
λ(F fG) ≥ 2n − 3. Moreover, A1 \ {un} ∪ A2 \ {v1, vn} is locating-dominating set of
F
f
G, and hence λ(F
f
G) ≤ 2n− 3 and the result follows. 
Theorem 3.2. Let G be the complete graph of order n ≥ 4 and F fG does not has
functi matchings. If 1 < k < n, then λ(F fG) = 2n− k − 2
Proof. For 1 < k < n, I = {v1, v2, ..., vk}. First we prove that the set L = {∪
k
i=1Ψvi \
{us1}} ∪ {Φ \ {vn}} is a locating-dominating set of F
f
G with the cardinality |L| =∑k
i=1 si − 1 + (n− k − 1) = 2n− k − 2. Since V (F
f
G) \ L = {us1, v1, ..., vk, vn}. We
prove that all the elements of V (F fG) \ L have distinct non-empty neighbors in L.
Now, N(us1)∩L = ∪
k
i=1Ψvi \ {us1}, N(v1)∩L = {Ψv1 \ {us1}}∪{Φ\ {vn}}, for each
i where 2 ≤ i ≤ k, N(vi) ∩ L = Ψvi ∪ {Φ \ vn}, N(vn) ∩ L = Φ \ {vn}. Thus, L is a
locating-dominating set of F fG. Hence, λ(F
f
G) ≤ 2n − k − 2. Let L
∗
D be a locating-
dominating set of FG with the minimum cardinality. Then by Proposition 2.1, L
∗
D
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must contains si − 1 vertices of the disjoint twin sets Ψvi for each i, 1 < i ≤ k and
n−k−1 vertices of the twin set Φ. Therefore, λ(F fG) ≥ 2n−2k−1. Without loss of
generality, assume the set L∗D ∩Ψv1 = Ψv1 \ {us1}, L
∗
D ∩Ψvi = Ψvi \ {ulsi} for each i
(2 ≤ i ≤ k) and L∗D∩Φ = Φ\{vn}. Now consider the two element sets {us1, v1} and
{ulsi , vi} (2 ≤ i ≤ k). We claim that L
∗
D contains atleast one element from exactly
k− 1 sets of these two element sets. Consider us1, v1 6∈ L
∗
D. Next we prove that one
vertex from {ulsi , vi} (2 ≤ i ≤ k) must belongs to L
∗
D for all i (2 ≤ i ≤ k). Suppose
on contrary that both vi and ulsi do not belong to L
∗
D for some i (2 ≤ i ≤ k). Then
N(ulsi )∩L
∗
D = N(us1)∩L
∗
D, a contradiction. Similarly, by considering ulsi , vi 6∈ L
∗
D
for some i (2 ≤ i ≤ k) and using similar arguments we leads to a contradiction.
Thus, L∗D must contains atleast one element from exactly k − 1 sets of these two
element sets. Consequently, |L∗D| ≥ 2n− k − 2. Hence, λ(F
f
G) = 2n− k − 2. 
For the second part of discussion, let F fG has atleast one functi matching. In this
case, we label the vertices of I as: I = {v1, v2, ..., vk′, vk′+1, ..., vk} where (1 ≤ k
′ < k)
and the subscript index is assigned to each v according to the index of corresponding
si (1 ≤ i ≤ k), where si are assinged indices according as s1 ≥ s2 ≥ ... ≥ sk′ >
sk′+1 = ... = sk = 1. Notations of Φ and Ψvi (1 ≤ i ≤ k
′) are same as used
earlier. The labeling of vertices of a functigraph of the complete graph K9 for k = 6
and k′ = 2 is illustrated in the Figure 2(b) where the functigraph has four functi
matchings. It can be seen that for each i (k′+1 ≤ i ≤ k), si = 1 and Ψvi = {uls
k′
+i}
and the edge uls
k′
+ivi ∈ E(F
f
G) is a functi matching of F
f
G.
Lemma 3.3. Let G = Kn be the complete graph of order n ≥ 2 and f : A1 → A2
be a bijective function, then
λ(F fG) =
{
n, if n = 2, 3
n− 1, if n ≥ 4
Proof. For n = 2, F fG is a cyclic graph of order 4 and hence λ(F
f
G) = 2 by [3]. For
n = 3, F fG is a triangular prism of order 6 and λ(F
f
G) ≥ 3 by Lemma 2.3, whereas
A1 is a locating-dominating set of F
f
G with the cardinality 3. For n ≥ 4, we have the
labeling as defined earlier I = A2 = {v1, ..., vn} and Ψvi = {ui} for all i (1 ≤ i ≤ n)
and hence A1 = {u1, ..., un}. Consider the set L = {u1, ..., un−2, vn}. We prove
that L forms a locating-dominating set of F fG. As N(un−1) ∩ L = {u1, ..., un−2},
N(un) ∩ L = {u1, ..., un−2, vn}. Also, N(vi) ∩ L = {ui, vn} for all 1 ≤ i ≤ n − 2
and N(vn−1) ∩ L = {vn}. Thus, L forms a locating-dominating set of F
f
G and
λ(F fG) ≤ n− 1. Next we prove that λ(F
f
G) ≥ n− 1. Suppose on contrary there exist
a locating-dominating set LD of cardinality n− 2, then either |LD ∩A1| ≤ n− 2 or
|LD∩A2| ≤ n−2. Assume |LD∩A1| = n−2−j and |LD∩A2| = j where 0 ≤ j ≤ n−2.
Since uivi forms functi matching of F
f
G for all i (1 ≤ i ≤ n). Therefore without loss of
generality assume that LD∩A1 = {u1, u2, ..., un−2−j}. If LD is a locating-dominating
set of F fG, then the vertices of A1 \ LD = {un−1−j, un−j, ..., un} must have distinct
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neighbors in LD which is possible only |LD ∩ A2| = j + 2, a contradiction. Thus,
λ(F fG) ≥ n− 1 and the result follows. 
Theorem 3.4. Let G be the complete graph of order n ≥ 3 and F fG has atleast one
functi matching. If 1 < k < n, then
λ(F fG) =
{
2n− k − 1, if n = 3, k = 2,
2n− k − 2, if n ≥ 4, k ≥ 2.
Proof. (i) For n = 3 and k = 2, let f : A1 → A2 be defined as f(ui) = v1, where
i = 1, 2 and f(u3) = v2. By Lemma 2.3, λ(F
f
G) > 2. Moreover, {u1, u3, v2} forms a
locating-dominating set of F fG. Thus, λ(F
f
G) = 3.
(ii) For n ≥ 4 and 2 ≤ k ≤ n − 1. Since F fG has functi matchings, therefore there
exists a k′ (1 ≤ k′ < k) such that si = 1 for all i (k
′ + 1 ≤ i ≤ k). Thus we
use the labeling as described earlier for the vertices of A1 and A2. Let L
∗
D be a
locating-dominating set of F ∗G with the minimum cardinality. The proof consists of
the following claims:
(1) Claim. The set L = {∪k
′
i=1Ψvi \ {us1}} ∪ {uls
k′
+1, uls
k′
+2, ..., uls
k′
+k−1, vk} ∪
{Φ \ {vn}} is a locating-dominating set of the cardinality |L| =
∑k′
i=1 si −
1 + (n−
∑k′
i=1 si) + (n− k − 1) = 2n− k − 2.
Proof of claim : Since V (F fG)\L = {us1, uls
k′
+k, v1, ..., vk′, vk′+1, ..., vk−1, vn}.
We prove that all the elements of V (F fG) \ L have distinct neighbors in L.
Now, N(us1)∩L = A1\{us1, uls
k′
+k}, N(uls
k′
+k)∩L = A1\{us1, uls
k′
+k}∪{vk},
N(v1) ∩ L = {Ψv1 \ {us1}} ∪ {vk} ∪ {Φ \ {vn}}, for each i where 2 ≤ i ≤ k
′,
N(vi) ∩ L = Ψvi ∪ {vk} ∪ {Φ \ {vn}}, for each i where k
′ + 1 ≤ i ≤ k − 1,
N(vi)∩L = {uls
k′
+i−k′}∪ {vk}∪ {Φ \ {vn}}, N(vn)∩L = {vk}∪ {Φ \ {vn}}.
Thus, L is a locating-dominating set of F fG and hence, λ(F
f
G) ≤ 2n− k − 2.
(2) Claim. λ(F fG) ≥ n +
∑k′
i=1 si − k − 2.
Proof of claim : By Proposition 2.1, L∗D must contains si − 1 vertices of
the disjoint twin sets Ψvi for each i, 1 < i ≤ k
′ and n− k − 1 vertices of the
twin set Φ. Therefore, λ(F fG) ≥
∑k′
i=1(si − 1) + (n− k − 1) = n+
∑k′
i=1 si −
k′−k−1. Without loss of generality, assume the set L∗D ∩Ψv1 = Ψv1 \{us1},
L∗D ∩ Ψvi = Ψvi \ {ulsi} for each i (2 ≤ i ≤ k
′) and L∗D ∩ Φ = Φ \ {vn}.
Now consider the two element sets {us1, v1} and {ulsi , vi} (2 ≤ i ≤ k
′). We
claim that L∗D must contains atleast one element from exactly k
′ − 1 sets
of these two element sets. Consider {us1, v1} 6⊂ L
∗
D. We prove that one
vertex from {ulsi , vi} (2 ≤ i ≤ k
′) must belong to L∗D for all i (2 ≤ i ≤ k
′).
Suppose on contrary that both ulsi and vi do not belong to L
∗
D for some i
(2 ≤ i ≤ k′). Then N(ulsi ) ∩ L
∗
D = N(us1) ∩ L
∗
D, a contradiction. Similarly,
by considering {ulsi , vi} 6⊂ L
∗
D for some i (2 ≤ i ≤ k
′) and using the similar
arguments we lead to a contradiction. Thus L∗D must contains atleast one
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element from exactly k′ − 1 sets of these two element sets. Consequently,
λ(F fG) ≥ n+
∑k′
i=1 si − k − 2.
(3) Claim. |L∗D ∩ {uls
k′
+1, uls
k′
+2, ..., uk, vk′+1, vk′+2, ..., vk}| = n−
∑k′
i=1 si.
Proof of claim : As uls
k′
+ivk′+i ∈ E(F
f
G) for each i (1 ≤ i ≤ k − k
′) form
the functi matchings of F fG. We take the assumptions that we have proved in
Claim 2 that L∗D ∩Ψv1 = Ψv1 \ {us1}, L
∗
D ∩Ψvi = Ψvi for each i (2 ≤ i ≤ k
′)
and L∗D ∩ Φ = Φ \ {vn}. Now consider the two element sets {uls
k′
+i, vi}
(k′+1 ≤ i ≤ k) as the sets of two end vertices of the functi matchings of F fG.
We prove that L∗D must contains exactly one element from each of these k−k
′
sets. Suppose on contrary {uls
k′
+i, vi} 6⊂ L
∗
D for some i (k
′ + 1 ≤ i ≤ k),
then N(uls
k′
+i) ∩ L
∗
D = N(us1) ∩ L
∗
D, a contradiction. Thus either uls
k′
+i
or vi for each i (k
′ + 1 ≤ i ≤ k) (not both to maintain the minimality of
L∗D) must belong to L
∗
D to make distinct neighbor of uls
k′
+i in L
∗
D. Hence,
|L∗D ∩ {uls
k′
+1, uls
k′
+2, ..., uk, vk′+1, vk′+2, ..., vk}| = k − k
′ = n−
∑k′
i=1 si.
Since the sets used to prove Claim 2 and Claim 3 are disjoint subsets of V (F fG),
therefore combining Claim 2 and Claim 3 we get λ(F fG) ≥ 2n − k − 2. Combining
this with Claim 1 we get the required result. 
Corollary 3.5. Let G be the complete graph of order n ≥ 4 and let F fG contains p
functi matchings, then λ(F fG) ≥ p. The bound is sharp.
Proof. The result follows from proof of Claim 3 of Theorem 3.4. Sharpness of the
bound follows from Lemma 3.3 where f is a bijective function. 
Corollary 3.6. Let G be the complete graph of order n ≥ 4. Then λ(G) = λ(F fG) if
and only if k = n− 1.
Proof. The result follows by Theorem 3.4 for n ≥ 4. 
4. Location-Domination Number of Functigraph of a family of
spanning subgraphs of the Complete Graphs
A vertex u ∈ V (G) is called a saturated vertex, if deg(u) = |V (G)| − 1. Since
any two saturated vertices are adjacent twins, therefore the set of all saturated
vertices of a graph forms a twin set represented by T s. Let e′ ∈ E(G) be an edge
that joins two saturated vertices of G, then the spanning subgraph of G which is
obtained by removing the edge e′ is denoted by G − e′. Similarly, Hi = G − ie
′
(1 ≤ i ≤ ⌊n
2
⌋) denotes a spanning subgraph of G that is obtained by removing
i edges e′, where e′ joins two saturated vertices of G. It may also be noted that
after removing the edge e′, the two saturated vertices that are connected by e′, are
converted to non-adjacent twins and hence forms a twin set of cardinality 2. The
twin set obtained after removing the ith edge e′ is denoted by T ti , (1 ≤ i ≤ ⌊
n
2
⌋).
Thus, Hi (1 ≤ i ≤ ⌊
n
2
⌋) has i twin sets T ti of non-adjacent twins, each of cardinality
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2 and one twin set T s of adjacent twins of the remaining n− 2i saturated vertices.
Further, if n is even and i = n
2
, then T s = ∅. We label the vertices in Hi as follows:
T ti = {u
1
i , u
2
i } (1 ≤ i ≤ ⌊
n
2
⌋) and T s = {u2i+1, u2i+2, ..., un} (1 ≤ i <
n
2
). The
following theorem gives location-domination number of functigraph of G− ie′.
Lemma 4.1. Let G be the complete graph of order n = 4 and f be a constant
function, then λ(F fHi) = 4 (1 ≤ i ≤ 2).
Proof. Since f is a constant function, therefore assume that I = {v} ⊂ A2. If
v ∈ T tj ⊂ A2 for some j (1 ≤ j ≤ 2), then T
t
j ⊂ A2 is not twin set in F
f
Hi
. Similarly
if v ∈ T s ⊂ A2, then T
s ⊂ A2 is not a twin set in F
f
Hi
. Let a set L ⊂ V (F fHi), such
that L has exactly one element from each twin set of F fHi . We discuss the following
cases.
(1) If i = 1 and v ∈ T t1 ⊂ A2, then without loss of generality assume v = v
1
1.
Also, the sets T t1, T
s ⊂ A1 and T
s ⊂ A2 are twin sets in the corresponding
F
f
H1
each with the cardinality 2. Thus by Proposition 2.1, λ(F fH1) ≥ 3.
There are 8 possible choices for the set L. If we take L = {u11, u3, v3}, then
N(v21)∩L = N(v4)∩L which implies that L is not a locating-dominating set.
Similarly, the other 7 choices for L do not form locating-dominating set and
hence, λ(F fH1) ≥ 4. Also, the set {u
1
1, u3, v3, v4} forms a locating-dominating
set of F fH1 . Hence, the result follows.
(2) If i = 1 and v ∈ T s ⊂ A2, then without loss of generality assume v = v3. The
corresponding functigraph F fH1 has twin sets T
s, T t1 ⊂ A1 and T
t
1 ⊂ A2 each
of the cardinality 2. Then it can be seen that 8 possible choices of the set L
do not form locating-dominating set of F fH1 , therefore λ(F
f
H1
) ≥ 4. Also, the
set {u11, u3, v
1
1, v4} forms a locating-dominating set of F
f
H1
.
(3) If i = 2 and v ∈ T t1 ⊂ A2, then T
s = ∅. Without loss of generality assume
v = v11. The corresponding functigraph F
f
H2
has twin sets T t1, T
t
2 ⊂ A1 and
T s ⊂ A2 each of the cardinality 2. By Proposition 2.1, λ(F
f
H1
) ≥ 3. There
are 8 possible choices for the set L. If L = {u11, u
1
2, v
1
2}, then N(v
2
2) ∩ L = ∅.
If L = {u11, u
1
2, v
2
2}, then N(v
1
2) ∩ L = ∅. Thus, L is not locating-dominating
set. Similarly, the remaining 6 choices for the set L do not form locating-
dominating set. Hence, λ(F fH2) ≥ 4. Also the set {u
1
1, u
1
2, v
1
2, v
2
2} forms a
locating-dominating set of F fH2. The case when i = 2 and v ∈ T
t
2 ⊂ A2 can
also be proved by the similar arguments.

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Figure 3. The labeling of the vertices of F fHi when n = 7, i = 2,
f is a constant function, I = {v} and v is a non-saturated vertex of
A2. Black vertices form a locating-dominating set of F
f
Hi
with the
minimum cardinality.
Theorem 4.2. Let G be the complete graph of order n ≥ 5 and f be a constant
function such that I = {v} ⊂ A2, then
λ(F fHi) =


2n− 2i− 3, if 1 ≤ i ≤ ⌊n
2
⌋ − 1 and v is a saturated vertex of A2
2n− 2i− 2, if 1 ≤ i ≤ ⌊n
2
⌋ − 1 and v is a non-saturated vertex of A2
n− 1 if n is even and i = n
2
2⌊n
2
⌋ if n is odd and i = ⌊n
2
⌋.
Proof. Since f is a constant function, therefore the collection {T t1, T
t
2, ..., T
t
i , T
s} of
twin subset of A2 are also twin sets in the corresponding F
f
Hi
. If v ∈ T tj ⊂ A2 for
some j (1 ≤ j ≤ i), then T tj ⊂ A2 is not twin set in F
f
Hi
. Similarly if v ∈ T s ⊂ A2,
then T s ⊂ A2 is not twin set in F
f
Hi
. We discuss the following cases
(1) When 1 ≤ i ≤ ⌊n
2
⌋ − 1 and v ∈ T tj ⊂ A2 for some j (1 ≤ j ≤ i). Then
without loss of generality assume that v = v1j . The corresponding F
f
Hi
have
twin sets T t1, T
t
2, ..., T
t
i , T
s ⊂ A1 and T
t
1, ..., T
t
j−1, T
t
j+1, ..., T
t
i , T
s ⊂ A2. By
Proposition 2.1, λ(F fHi) ≥ 2i − 1 + 2(n − 2i − 1) = 2n − 2i − 3. Let a
set L ⊂ V (F fHi), such that L has all the elements except one element of
each of these twin subsets. There are 22i−1(n− 2i− 1)2 choices for choosing
the elements of the set L. Each choice for the set L does not contain an
element of the set T s ⊂ A2. Without loss of generality assume that vn 6∈ L,
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then N(v2j ) ∩ L = N(vn) ∩ L. Thus, L is not a locating-dominating set
of F fHi for all choices of the set L. Hence, λ(F
f
Hi
) ≥ 2n − 2i − 2. Also
the set {u11, u
1
2, ..., u
1
i , u2i+1, ..., un−1, v
1
1, v
1
2, ..., v
1
j−1, v
1
j+1, ..., v
1
i , v2i+1, ..., vn} is
a locating-dominating set with cardinality 2n − 2i − 2. Thus λ(F fHi) =
2n− 2i− 2.
(2) When 1 ≤ i ≤ ⌊n
2
⌋− 1 and v ∈ T s ⊂ A2. Then without loss of generality as-
sume that v = vn. The corresponding F
f
Hi
have twin sets T t1, T
t
2, ..., T
t
i , T
s ⊂
A1 and T
t
1, ..., T
t
i , T
s\{vn} ⊂ A2. By Proposition 2.1, λ(F
f
Hi
) ≥ 2i+(n−2i−
1)+(n−2i−2) = 2n−2i−3. Also the set L = {u11, u
1
2, ..., u
1
i , u2i+1, ..., un−1, v
1
1,
v12, ..., v
1
i , v2i+1, ..., vn−2} is a locating-dominating set of F
f
Hi
with the cardi-
nality 2n− 2i− 3. Thus λ(F fHi) = 2n− 2i− 3.
(3) When i = n
2
and n is even, then T s = ∅ and v ∈ T tj ⊂ A2 for some j (1 ≤ j ≤
i). Then without loss of generality assume that v = v1j . The corresponding
F
f
Hi
have twin sets T t1 , T
t
2, ..., T
t
i ⊂ A1 and T
t
1, ..., T
t
j−1, T
t
j+1, ..., T
t
i ⊂ A2.
By Proposition 2.1, λ(F fHi) ≥ i + (i − 1) = n − 1. Also, the set L =
{u11, u
1
2, ..., u
1
i , v
1
1, v
1
2, ..., v
1
j−1, v
1
j+1, ..., v
1
i } is a locating-dominating set of F
f
Hi
with cardinality n− 1. Thus λ(F fHi) = n− 1.
(4) When i = ⌊n
2
⌋, n is odd and v ∈ T tj ⊂ A2 for some j (1 ≤ j ≤ i). In
this case, T s = {vn} is not a twin set. Without loss of generality assume
that v = v1j . The corresponding F
f
Hi
have twin sets T t1, T
t
2 , ..., T
t
i ⊂ A1 and
T t1, ..., T
t
j−1, T
t
j+1, ..., T
t
i ⊂ A2. By Proposition 2.1, λ(F
f
Hi
) ≥ i+(i−1) = 2i−1.
Let a set L ⊂ V (F fHi), such that L has all the elements except one element
of each of these twin subsets. Each choice for the set L does not contain
vn. Then, N(v
2
j ) ∩ L = N(vn) ∩ L for all choices of the set L. Thus, L is
not a locating-dominating set of F fHi for all choices of the set L and hence,
λ(F fHi) ≥ 2i. Also, the set {u
1
1, u
1
2 , ..., u
1
i , v
1
1, v
1
2, ..., v
1
j−1, vj, v
1
j+1, ..., v
1
i } is a
locating-dominating set with cardinality 2i. Thus λ(F fHi) = 2⌊
n
2
⌋.
(5) When i = ⌊n
2
⌋, n is odd and v ∈ T s ⊂ A2. In this case, T
s = {vn} is not a
twin set and v = vn. The corresponding F
f
Hi
have twin sets T t1, T
t
2, ..., T
t
i ⊂ A1
and T t1, ..., T
t
i ⊂ A2. By Proposition 2.1, λ(F
f
Hi
) ≥ 2i. Also, the set L =
{u11, u
1
2 , ..., u
1
i , v
1
1, v
1
2, ..., v
1
i } is a locating-dominating set with cardinality 2i.
Thus λ(F fHi) = 2⌊
n
2
⌋.

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